ADVANCED HIGHER MATHEMATICS UNIT 1 OUTCOME 2

BASIC DIFFERENTIATION

DIFFERENTIATION FROM FIRST PRINCIPLES

Recall that f7(a) is the gradient of the tangent to the curve y = f(x) at the point
where x =a.
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If 4 is small, the gradient of the chord AB will be approximately equal to the gradient
of the tangent at A. As & gets smaller, the approximation becomes more accurate.

As h—>0, f(a+h2—f(a)—>f’(a).

We write f'(a) = hlimo{f(a+hh)—f(a)}'
.__)

Replacing a with x gives a formula for finding /'(x):

Lo dim | fx+hR) - f(x)
f(x)_h—>0{ P }

Using the above formula to find f'(x) is known as differentiation from first
principles.



Worked Example 1

Find the derivative of the function f(x)=3x" from first principles.

Solution

F(x)=3x*

f(x+h)=3(x+h)? =3(x" +2xh+h")
=3x% +6xh+3h°

f(x+h)-f(x) _3x* +6xh+3h* =3x’
h h
_ 6xh+3h°

h
=6x+3h

ooy lim | fx+h) - f(x)
f(x)_h—>0{ h }

lim
= lox+3ht=6
h—»le } *



Worked Example 2

Find the derivative of the function f(x) = 2x’ ~3x+1 from first principles.

Solution
f(x)=2x" -3x+1

fx+h)y=2(x+h)" -3(x+h)+1
=2(x* +2xh+h*)=3(x+h)+1
=2x*+4xh+2h* =3x-3h+1

flx+h) = f(x) 2x*+A4xh+2h" =3x-3h+1-(2x* =3x+1)

h h
_2x" +4xh+ 2k -3x-3h+1-2x" +3x -1
- h
_ 4xh+2h* =3h
B h
=4x+2h-3
, lim | f(x+h)- f(x)
T e

M oh-3)=4x3
h—0



THE PRODUCT RULE

If y=uv, whereu and v are function of x, then:

This rule is known as the product rule and is used to differentiate products of
functions. When using the product rule, answers should always be simplified as far as
possible.

Worked Example 1

. : dy
Given y = x° sinx, find —.
X

Solution
3 -
y=Xx sinx

This must be differentiated using the product rule.

u=x v=sinx
du ) Vv

= =13y — =¢CoSX
dx dx

dy av  du

—_— =Yy — yV—

dx dx dx

= x° cosx+3x’ sinx
2 .
= x”(xcosx+3sinx)



Worked Example 2

. dy
Given y = x* cos2x, find —d“— .
X

Solution
y =x"cos2x

This must be differentiated using the product rule.

u=x" V= Cos2x

— _@.24)(3 ﬁ‘i:—2sin2x
dx dx

dy dv  du

=y —tVv—

dx dx dx

= —2x" sin2x + 4x° cos 2x
=2x"(2cos2x — xsin 2x)

Worked Example 3

Given y = xsin(x?), find @ .
dx

Solution
y = xsin(x?)

This must be differentiated using the product rule.

u=x v =sin(x?)
o ﬂ=2xcos(x2)
dx dx

dy dv  du

—— Yy — Y —

dx dx dx

=2x% cos(x?) +sin(x?)



Worked Example 4

dav
. ]
Given y =x~ cos* x, find E_ .
X

Solution
y=x"cos" x

This must be differentiated using the product rule.

u=x’ = cos* x = (cos x)*
du dv 3 : 5 .
= — =2x — =4(cosx)” - (—sinx) =—4cos” xsinx
dx dx
dy dv  du
—uU—+Vv—
dx dx dx

2 .

= —4x* cos’ xsinx + 2xcos” x
3 .

= 2xcos” x(cosx — 2xsIn x)



Worked Example 5

Find the derivative of the function f(x)=x"vx" +1.
Give your answer as a single fraction in its simplest form.

Solution

f(x)zxzm

This must be differentiated using the product rule.

]
u=x v=ax?+1=(x"+1)2
du av 1 - X
= -2x —=—(x"+1) - 2x=

ax dx 2( ) Vx4l

, dv  du
= _—t Y —
fe=ug vy

x
=x*. : +2xyx? +1

x°+1
x* J_2x\/x2+1
x +1 1

3 2 ?
2 1 +1 : it i i
)i xyat +1xyx [this step can be omitted with practice]
Vvx©+1 Ix~vx? +1

3

X 2x(x*> +1)
= +
\/x2+1 «/x2+l
X +2x7+2x
Vxt+1
_ 3x +2x
Vx4l

B x(3x* +2)

2
x°+1

YOU CAN NOW ATTEMPT THE WORKSHEET
"DIFFERENTIATION: THE PRODUCT RULE".



THE QUOTIENT RULE

u . .
If y=—, where uand v are function of x (with v = 0), then:
\j

du dv
'\/7 — — u —
ay __dx dx

2
dx v

This rule is known as the quotient rule and is used to differentiate quotients of

functions. When using the quotient rule, answers should always be simplified as far as
possible.

Worked Example 1

Given y=——22£—,fmd —dl
x°+1 dx

Solution
This must be differentiated using the quotient rule.

u=2x v=x"+1
du dv

—=2x
dx dx

_2(x2+1)—2x~2x
P 4?
_2x2+2—4x2
T (x2+1)?
_2—2x2
_2(1-x%)

20 -x)(1+x)
T (2 +1)?




Worked Example 2

sin x dy
, x# 0, find —.

3
X x

Given y =

Solution

This must be differentiated using the quotient rule.

U =sinx v=x’
u av
= — = COS X = =3xt
dx dx
du dv
V— —U—
_dl: dx dx
dx v2
_ x’cosx—3x’sinx
(x*)?

x*(xcosx —3sinx)

6
X

XCOosx —3sinx

4
X




Worked Example 3

. Sin x dy
Given y= —, ~r<x<m,find —.
l+cosx dx

Solution

This must be differentiated using the quotient rule.

=sinx v=14+cosx
dv )
= — =CO0SX — =-8Inx
dx dx
du dv
gy VoI TU
ay _ _dx dx
dx v?
_ cosx(1+cosx) —sin x(—sin x)
(1+cosx)’

cosx +cos? x +sin’ x

(1+cosx)’
cosx+1 . .
= Qs oosn) [since cos” x +sin’ x =1]
+c0S X
1

1+cosx



Worked Example 4

x -
[—'—— > - b
Vx+4

Given y =

Solution

This must be differentiated using the quotient rule.

X

\/x+4—2

x+4

Vi+4x2x+4 -

x+4

X

2/x+4

1
v=Ax+4 =(x+4)?

1
dx 2

P

x2Jx+4

(x+4)x2Vx+4
_2x+4)-x
T s
2(x+4)?
x+8

[N

2x+4)

1

2Vx+4

[this step can be omitted with practice]

YOU CAN NOW ATTEMPT THE WORKSHEET

"DIFFERENTIATION: THE QUOTIENT RULE".



DIFFERENTIATION OF TRI GONOMETRIC FUNCTIONS

There are othe

Examples:

r trigonometric functions defined in terms of sinx and cosx.

(D

3

sin x
tan x =
COS X
1
COSeC X = —
sin x
1
secx =
COS X
1 COS X
cotx = =
tan x sin x
cosec—————l—— L 2
an” 3 3
2
V4 1 1
sec— = = =42
I
V2
COt2—= ! = ! 2:l:3
' tan? == 1 1
6 \/g 3



The function tanx can be differentiated using the quotient rule as follows:

sin x
let y=tanx =

COSX

U =sinx V =COSX
u dv .
= — = COSX — = —sinx
dx dx

du av
V— —U-—
dy _ _dx _dx

dx v’
COS X cOS x — sin x(—sin x)

>
COS™ x

2 2
COS” x+smn” x

cos’ x

. . 2
=— [since cos’ x+sin’ x =1]
COS™ X

2
=sec” x
The derivatives of the other trigonometric functions can be found in a similar way.

SUMMARY OF DERIVATIVES

S (=) S'(x)

sin x cos X

cosx ~sinx

tan x sec’ x
cosecx — cosecxcotx

secx secxtanx

cotx —cosec’ x

The above standard derivatives must be memorised. It is important to note that these
derivatives are only valid when the angle x 1s measured in radians.



Example 1
y = tan3x
This must be differentiated using the chain rule.

) d
@ =sec” 3x-—(3x)
dx dx
=3sec’ 3x
[With practice, the answer can be written down directly.]

Example 2
y =cosec4x
This must be differentiated using the chain rule.
& = —cosec4xcotdx- —d—(4x)
dx
= —4 cosec4xcot4x
Example 3
y =sec” x = (secx)’
This must be differentiated using the chain rule.

iy—z.’)_secx-i(secx)
dx dx

=2secx-secxtanx
)
=2sec” xtan x

Example 4
y = cot® 2x = (cot 2x)°
This must be differentiated using the chain rule.

@ _ 3(cot2x)* - 4 (cot2x)
dx dx
=3cot? 2x - (- cosec’ 2x)- 2

= —6cot? 2xcosec” 2x

[Note that the chain rule was also used to differentiate cot2x ]



Exampie §

4
V=X seclx

This must be differentiated using the product rule.

u=x" v =sec2x
= d—u=4x3 ﬂ=2sechtar12x
dx dx
dy dv  du
=U—+y—
dx dx dx
= 2x%sec2xtan2x + 4x° sec2x
= 2x’ sec 2x(x tan 2x + 2)
Example 6
_ tan x
xZ

This must be differentiated using the quotient rule.

u=tanx v=x’
= zli:sec?‘x g‘—/=2x
by dx
du dv
Y Y —
a4y _ dx  dx
dx v?

x?sec’ x—2xtanx
(x*)?

x(xsec’ x — 2tan x)

4
X

xsec? x — 2tan x

3
X

YOU CAN NOW ATTEMPT THE WORKSHEET
"DIFFERENTIATION OF TRIGONOMETRIC FUNCTIONS".



DIFFERENTIATION OF EXPONENTIAL FUNCTIONS

We find that:

This can be proved using differentiation from first principles as follows.
Let f(x)=¢".

Then f(x+h)=e"".

h X

fth)=fx) e —e
h

h
3 e“e" —e”
ok
_ef(e" -]
ok

oo dim [ S+ - ()
f(x)_h->0[ h }

_ lim [e*(e" -1)
h—0 h

. lim e”—ll
=¢g X
h>0| h |

: h
Numerical investigation shows that bm je =1L _ 1.
h—>0| h

Hence f'(x)=e" xl=¢e".



Example 1
y=e"
This must be differentiated using the chain rule.
% =e® -%(6x)
= 6e®*
[With practice, the answer can be written down directly.]
Example 2
y= 3" +4eH

Each term must be differentiated using the chain rule.

Y

3.e% 2x+ 4.7 (=2)
dx

= 6xe* —8e
Example 3

y =e* cos2x

This must be differentiated using the product rule.

u=e Vv=cos2x
d

= @ 2e** ﬂ =-2sin2x
dx dx

dy av  du

=y —y—

dx dx dx

—2¢* sin2x + 2e* cos2x
2¢** (cos2x —sin 2x)

"



Example 4

This must be differentiated using the quotient rule.

,
u=x v=e"

dv v
-, B, &Y 2™
dx dx

du dv

V— U —

@’_ __dx dx
dx v
2xe™ - 2x%e*
- (eQX)z
_ 2xe** (1 - x)

e4x

_ 2x(l-x) e

[note that =—]
2x e4x e 2x

e

YOU CAN NOW ATTEMPT THE WORKSHEET
"DIFFERENTIATION OF EXPONENTIAL FUNCTIONS".



DIFFERENTIATION OF LOGARITHMIC FUNCTIONS

Recall the following facts about natural logarithms:
() Inx = log, x where e=2-71828...
(2) Inx and e* are inverse functions.
This means that:
(3) e™ =x (x>0)
4) In(e*) =x
The derivative of Inx (x> 0) can be found as follows.

Let y=Inx (x> 0).

Then y=lnx = e’ =x
= x=e’
: : . : dx
Differentiate both sides with respecttoy = - =e
34
dy 1 1 1
Now —=—=—=—,
de dx ¢ x
dy
Hence:
—Inx= 1 (x>0)
dx X

It is important to realise that this result can only be used to differentiate Inx, i.e.
log, x. This result does not apply for differentiating logarithms to other bases (e.g.

log,; x). You will see later in the course how to differentiate logarithms to other
bases.



Example 1

y=1n(3x-1)

This must be differentiated using the chain rule.

_q’_,y_: 1 ._d_(gx_l)
dx 3x-1 dx
1,
3x-1
3
3x—1

[With practice, the answer can be written down directly.]
Example 2
y =In(4x* +1)

This must be differentiated using the chain rule.

dy 1
— = —-8x
dx 4x°+1
_ 8x
4% +1
Example 3

y = In(cos 4x)

This must be differentiated using the chain rule.

d 1 Ny
£ . (~4sin 4x)
dx cosdx
_ —4sindx
cosdx

= -4tandx



Example 4
f(x)=1In(e™ +1)
This must be differentiated using the chain rule.

1

- e
X
e +1

fi =

Example 5
y=x"Inx

This must be differentiated using the product rule.

u=x v=Inx
- d—u:3_x2 éﬁ:l

dx dx x
dx dx dx

1

=x> . —+3x’Inx
x

=x?+3x Inx

=x*(1+3Inx)



This must be differentiated using the quotient rule.

u=lnx

It

e4x X X

2 ol
e’ —2xe’ Inx
4x

xe
_e¥(1-2xInx)
- e
_1-2xInx

» [note that

Xe

e

1
4x: ZX]
e e

2x
v=e
dv )
— =2e”
dx

[this step can be missed out with practice]

2x




The laws of logarithms can sometimes be used to simplify functions before
differentiation.

Recall the three laws of logarithms below:

-

(1) In(ab)=Ina+1nb
2) In(ﬁlb—j =lna-1Inb

(3) In(a”)=nlna

Worked Example 1

Given y = In(x*e™), find @
dx

Solution

y =In(x*e*)
=1In(x*) + In(e*)

=4lnx+2x  [note that In(e*) = 2x]

d

v 4t

dx X
=i+2

X



Worked Example 2

dy 1
), x>0, show that = =

. X
Given y = In o I _———x(2x+1)

K-X‘l
Solution

e
’ 2x+1

=lnx-In2x+1)

v 1 1
E;—; 2x+1
1 2

;_2x+1

_12x+1) 2x

T x(2x+1) x(2x+1)
_2x+1-2x

T x(2x+1)
1

- x(2x +1)

[Alternative Method:

The function y = 1n( ) can be differentiated directly using the chain rule.

2x +1
dy_ 1 df x _2x+1'i( x *)
dx x  dx\2x+1 x  dx\2x+1
2x+1
The function 5 x ] can now be differentiated using the quotient rule.
X+
_d_( x )_ Qx+D)-1-x2 1
dx\ 2x +1 2x+1)° (2x+1)?
From (*): dy _ 2x+1 1 1

dx X ‘(2x+1)2:x(2x+1)]



Worked Example 3

3 dy
Given y=Inv2x* +1, x>0, find ; .
X

Solution

y=lnv2x® +1

i
= In(2x* +1)2

1
=~ In(2x’ +1
5 ( )

_‘lel 31 .6x°
dx 2 2x +1
3 3x?
2x% +1
[Alternative Method.

The function y =In+/2x> +1 can be differentiated using the chain rule.

5{1:———;_-5"— 2x° +1
dx  \2xP+] dx
1 d 2
= —(2x° +1)2
. )

3

2x” +1
Loy +1)‘% -6x?
N2x® +1 2
3 1 . 3x?
V2xP+1 42X +1
B 3x?
S 2yt 41

YOU CAN NOW ATTEMPT THE WORKSHEET
"DIFFERENTIATION OF LOGARITHMIC FUNCTIONS".



HIGHER DERIVATIVES

. dy ,
Given y = f(x), the first derivative 1s denoted by —j\— or f(x).
X

The first derivative can then also be differentiated to give the second derivative.

The second derivative is denoted by dg—\i or ["(x).
X

Similarly, the second derivative can then also be differentiated to give the third

ay or f"(x).

derivative, denoted by —
X

The second derivative gives information about the nature of a stationary point, as we
will see shortly.

Example 1

y=2x"+x* =3x +4x -1

dy
l:8x3+3x2—6x+4
dx
d? )

Y~ 24x* +6x-6
dx”®
d3

Y - 48x+6
dx
d4

Y =48
dx
dS

+=0
dx
Example 2
f(x)=sin3x

f'(x) =3cos3x
f"(x) =3(-3sin3x) = -9sin3x
f7(x)=-9(3cos3x) =-27cos3x

£*(x) = =27(-3sin3x) = 81sin3x



2
9V _g.0e¥ 6. (-3¢7)

dx
=16e** +18¢7*"

Example 4
() =Qx+1)’

f(x)=52x+1*-2
=10(2x +1)*

fM(x)=402x+1)* -2
=80(2x +1)°

Worked Example 5

)

Given y = e” cosx, obtain the second derivative p Y inits simplest form.

Solution
y=¢e" cosx
This must be differentiated using the product rule.

% =¢* -?j;(cosx)ntcosx-%(e’)

=e" -(-sinx)+cosx-e’

=e” (cosx —sinx)

The first derivative can be differentiated again using the product rule.

, 4 . ; d
— = -—(cosx—smmx)+(cosx—smx)-—(e
-=e dx( x )+ ( )d( )

= e"(—sinx —cosx) + (cosx —sin x)e”
=—e’sinx—e’ cosx+e  cosx—e’sinx
=-2¢e"sinx



STATIONARY POINTS AND PONTS OF INFLEXION

The second derivative can be used to investigate the nature of stationary points on the
curve y = f(x).

M

3)

-

If %—% > 0 at a stationary point, the stationary point is a minimum turning
X

point.

2

If P 3) <0 at a stationary point, the stationary point is a maximum turning
N

point.

d2
dx

about the nature of the stationary point. The nature of the stationary point must
be investigated by using a nature table.

<

If

=0 at a stationary point, the second derivative gives no information

[}

d’ .

g f >0 = minimurm

2

d’ :

g f <0 = maximum

x

d’ .

p, f =0 = no information
x

If the second derivative of a function can be found easily, it is usually more efficient
to use the value of the second derivative to determine the nature of a stationary point.
If the second derivative cannot be found easily, a nature table should be used.



Worked Example

Determine the coordinates and nature of the stationary points on the curve
y:2x3—3x2—12x. '

Solution
y=2x"-3x"-12x = d—y=6x2—6x—12
dx
. . dy
At a stationary point, E)- =0 = 6x* —6x~12=0
X
= 6(x* —x-2)=0
= 6(x-2)(x+1)=0
= x=2orx=-1
When x=2, y=-20 = (2,-20) is a stationary point
When x=-1, y=7 = (-1, 7) is a stationary point
d*y
L =12x-6
dx

d’ ‘ . .. :
When x =2, - Z =12%x2-6=18>0 = (2,-20) is a minimum turning point
X

d2
When x = -1, 7{—=12x(—l)—6 =-18<0 = (-1, 7)is a maximum turning point
X



In Advanced Higher, points of inflexion occur when the second derivative 1s Zero.

. . d?
At a point of inflexion, ——zi =0.
dx”

Worked Example 1

Find the coordinates of the points of inflexion on the curve y = xt—6x7.

Solution
y=x'—6x? = Y 4 12x
dx
2
= LY _pyon
dx
. : d’y
At a point of inflexion, —= =0 = 12x* -12=0
N
=  12x' =12
= x* =1
= x=x1

When x=1, y=-5 = (1, -5) is a point of inflexion

When x=-1, y=-5= (-1, 5) is a point of inflexion



Worked Example 2

: . : x=3
Show that there are no points of inflexion on the curve y =

Solution

x—3

x+2

This must be differentiated using the quotient rule.

ay _ (x+2)-1=(x=3)-1 x+2-x+3 _

5
dx (x+2)°

(x+2)> (x+2)°

.. d - . .
The second derivative can be found by writing D s 5(x+2)~ and using the chain
rule.

dy

-2 dzy -3 10
—— =5(x+2) = - =-10(x+2)" 1=~ ;
dx dx (x+2)
2
At a point of inflexion, d sz = __ 10 - =0 [x(x+2)*]
dx (x+2)
= -10=0 777

This is a contradiction and means that there are no points of inflexion on the curve.

2 2
[Alternatively, the form dy__ 10 ~ shows that d “: >0 when x<-2 and
X (x+2) dx
dl 2
f <0 when x >-2. Hence
dx

e # 0 for any value of x (x = -2) and there are no
X
point of inflexion on the curve.]

YOU CAN NOW ATTEMPT THE WORKSHEET
"HIGHER DERIVATIVES".






