ADVANCED HIGHER MATHEMATICS

FIRST-ORDER LINEAR DIFFERENTIAL EQUATIONS

Consider the first order differential equation

The variables cannot be separated in this differential equation and another method
must be used to find-the general solution.

The above differential equation is an example of a first-order linear differential
equation.

In general, a first-order linear differential equation is of the form

D\ Py =0),
dx

where P(x) and Q(x) are function of x only.

To find the general solution, first find the integrating factor, /(x), where

I(x)=e Jpoas .

It can be shown that the general solution of the differential equation is then given by

I@)y = [1()Q(x)ds.




Worked Example 1

Find the general solution of the differential equation

dy 2x
—+ y=6e”.
e y

Solution

This is a first-order linear differential equation with P(x) =1 and O(x) = 6e**.

frooa _ fae .

Integrating Factor:  I(x)=e =e

General Solution: I (x)y = j 1(x)O(x)dx
= e'y= Ie" -6e**dx
= j6e3"dx
=6- —1-e3" +C
3
=2¢* +C

C
= y=2€2"+—7

e



Worked Example 2

Find the general solution of the differential equation

Lip
dx x
Solution
Q+X=x = £1-X+——y=x
dx  x

. 1
This is a first-order linear differential equation with P(x) =— and Q(x)=x.

- 1
x —dx
Integrating Factor: I(x)= efP( ax _ ej" — o™ =y

General Solution:

I(x)y = [I(x)Q(x)dx
= xy = Ix - xdx

= Ixzdx

=—l-x3 +C
3

1, C
= y=§x +—-;'

YOU CAN NOW ATTEMPT QUESTION 1 OF THE WORKSHEET
"FIRST-ORDER LINEAR DIFFERENTIAL EQUATIONS."



Worked Example 3

Find the general solution of the differential equation

xfi-)—)-—Zy:x3 sinx.
dx

Solution

d
The differential equation must be written in the standard form Y, P(x)y=0(x):

dy 3 .
x—-~-2y=Xx"8SInx X
e [+x]

o _2y

— =x’sinx
dx x
d 2 )
= —y——y=x251nx
dx x

This is a first-order linear differential equation with P(x)=-= and Q(x)=x’ sinx.
X

2
. P(x)dx ~=dx nx n(x _ 1
Integrating Factor: I(x)=eI : =eI B

2
X

General Solution: I(x)y= II (x)Q(x)dx

1 |
= —y=|—-x°sinxdx
=v=]3
=Isinxdx
=—-cosx+C
=  y=x*(C-cosx)

YOU CAN NOW ATTEMPT QUESTIONS 2 TO 5§ OF THE WORKSHEET
"FIRST-ORDER LINEAR DIFFERENTIAL EQUATIONS."



Worked Example 4

Find the particular solution of the differential equation

x@i+3y:5x2,
dx

given that y =3 when x=1.

Solution

i d
The differential equation must be written in the standard form a’_y + P(x)y=0(x):

dy 2
x—+3y=>5x +x
Y [+x]

= d—y+§-)i=5x
dx x

= f’y_+§_y:5x
dx x

This is a first-order linear differential equation with P(x) = 3 and Q(x)=5x.
X

. IP(x)dx szx 3lnx In(x*) 3
Integrating Factor:  I(x)=e =e’* =e " =e =X
General Solution: I(x)y= J.] (x)Q(x)dx

= x3y=Ix3-5xdx
=J'5x4dx
=5-lx5 +C
5

=x"+C

y=23 when x=1 = 3=1"+—=



Hence y = x* +%.

YOU CAN NOW ATTEMPT QUESTIONS 6 TO 10 OF THE WORKSHEET
"FIRST-ORDER LINEAR DIFFERENTIAL EQUATIONS."



