ADVANCED HIGHER MATHEMATICS UNIT 2 OUTCOME 2

FURTHER INTEGRATION

INTEGRATION INVOLVING INVERSE TRIGONOMETRIC FUNCTIONS

d . 1
Recall that: —sin" x = -l<x<«l
= el )
- 1
—tan~ x= ~ (xeR)
x 1+ x

These give the standard integrals below:

1 ) ‘
_[ dx=sin” x+C
1-x?

de=tan x+C

J‘l—kx2

These integrals can be extended as follows:

J‘;dx:sin"’ ad +C
va*r - x? a
f 21 - dx:ltan"(£j+c

a +x a a

You can verify these integrals by differentiation. Use the chain rule to verify that

d . (x 1 ) .
—sin ‘[—J = ——————, where a is a non-zero constant, and that 4 ltan AL ! )
dx a a? —x? dx |a a a’® +x*




Example 1

.]’Jid“\—j\/_—“—‘d/\

= Sin_'(~] +C
3

Example 2

Example 3

IQ?%j?deIQTﬁﬁgfjfd*

Example 4

4
dx =
Jx2+36 J62+x2
=4-—é—tan"(%j+ C
=Ztan”(£) +C
3 6

dx .



Worked Example 5
Find j———l—dx
V25 -9x°

Solution

Method I (rewrite the integral in the form

l .
jﬁdx).

Note that since x is replaced by 3x in the standard integral, the factor % must be included to compensate.

bx+c]+c.

In general, J. ! dx = 1 sin’(
Ja? —(bx +c)? b a




Worked Example 6

Find —~dx .

I
J‘9+4)c‘

Solution

Method 1 (rewrite the integral in the form J- 5 ! —dx):
a +x

X

+C  [using J‘—zl*zdxz—l—tan'][ )+C]

4.%' % a+x’ a

a

. L an gﬁJ+C
23 3

—ltan"[ﬁj C
6 3

: : . . 1 .
Note that since x is replaced by 2x in the standard integral, the factor Py must be included to compensate.

In general, J.—l——dx=l-—1-tan‘] br+e +C.
a’ + (bx +c)? b a a
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Worked Example 9 _

Use the substitution u = x — 3 to find the indefinite integral f ﬁ di
xXT —6x+

Solution

u=x-3 = @zl
dx

= du =dx
Now x? —6x +13 must be expressed in terms of u as follows:

Uu=x-3 = x—3=u
= xX=u+3

X2 =6x+13=(u+3)2 —6(u+3)+13
=u’ +6u+9—6u-18+13
=u’+4




Worked Example 10_

n

6
_ . o cosx
Use the substitution u = 2sin x to evaluate the definite integral .f —x,
0

1+ 4sin’ x
Solution
3
Izj c:os.)c2 "
ol+4sin” x
u=2sinx = ﬁ=ZCosx
dx
= du =2cosxdx
1
= —Z-a’u:cosxdx

1+4sin? x=1+(2sinx)’

=l+u
When x=0: u=2sin0=2x0=0
When x =2 u=2sin£:2xl=1
6 6 2
g
S :
s1+4sin” x
¢
:I . cos xdx
ol+4sin’ x
1
1
=J 12-—du
1+u” 2

1l
{ ] ©
N | —
—
S
=
L
=
| I |
b= =

:ltan'll—ltan" 0
2 2
Ltz 1,
2 4 2
_r
8 7

YOU CAN NOW ATTEMPT THE WORKSHEET
"INTEGRALS INVOLVING INVERSE TRIGONOMETRIC FUNCTIONS".



USE OF PARTIAL FRACTIONS AND ALGEBRAIC LONG DIVISION IN INTEGRATION

It is often useful to express a rational function in terms of partial fractions before integration.

1
ax+b

Recall the standard integral I dx = 1 ln[ax + b! +C.
a

Worked Example 1

> in partial fractions.

a Express
@ P C2xT +3x-2

(b)  Hence find J'zx;’]dx .

x2+3x-2
Solution

x+7 x+7

> = and the denominator contains distinct linear factors.
2x°+3x-2 (2x-D(x+2)

(a) Note that

x+7 _ A . B

2x-Dx+2) 2x-1 x+2
_A(x+2)+B(2x-1)
 2x=D(x+2)

= x+7=A(x+2)+B2x-1)

Put x=-2

U

5= A(0) + B(-5)
~5B=5
B=-1

Ul

Putx=+ = 7i-4211s B0
2 2 2

1 1

= 2—A=7—
2 2
= A=3
Hence X+ 7 = 3 - ! )
2x¥43x-2 2x-1 x+2
x+7 3 1 ’

b _—dx = - X
®) I2x2+3x—2 I(Zx—l x+2jd

=3%1n|2x—1|—1n\x+2]+c

=%lnl2x—1\~1n1x+2|+c



Worked Example 2

| : . :
(a) Express ————— in partial fractions.
xT—x-F

> dx , giving your answer in the form 4lna.

1
(b)  Hence find the exact value of '[
oxT—x-—

Solution

(a) Note that

5 = and the denominator contains distinct linear factors.
x‘=x=-6 (x-3)(x+2)

1 ! N B
(x=-3)x+2) x-3 x+2

_A(x+2)+ B(x-3)
O (x=3)(x+2)

= 1=A(x+2)+ B(x-3)

Put x=-2 = 1= A(0) + B(-5)
= ~-5B=1
= B=—l
5
Put x=3 = 1=A(5) + B(0)
= 5SA4=1
1
= =—
5

1
Hence — -2 .= l - !
x°—=x—-6 x-3 x+2 5(x=3) S5(x+2)

- lln(- 2|—lln]3l} —[l In|- 3| —lln[2lj|
L5 5 5 5

= lln2—lln3j|—|:lln3—lln?.jt
L5 5 5 5

:lln2—lln3—lln3+lln2
5 5 5 5




: ':zln2—21n3
5 5

=§(1n2—1n3)

(3}
=—In| =
5 \3

YOU CAN NOW ATTEMPT QUESTIONS 1 AND 2 OF THE WORKSHEET
"INTEGRATION: USE OF PARTIAL FRACTIONS AND ALGEBRAIC LONG DIVISION".



Before integrating an improper rational function, algebraic long division should be used to express the
function as the sum of a polynomial and a proper rational function.

Worked Example 3

2
Find [*""""=4 +4"1+2 ~
X+

Solution
xP+4x+2 . ) ) ) ) e
Note that ————+1 1s an improper rational function and algebraic long division must be used before
X
integration.
x+3
x+1| X +4x+2
x2 + X
Ix+2
3x+3
-1
¥ +4x+2 1
—_—=xt+ 3
x+1 x+1

2
jic——t4x—”dx= J‘(x+3— 1 jdx
x+1 x+1

:—;—xz +3x—1n|x+1]+C

YOU CAN NOW ATTEMPT QUESTIONS 3 AND 4 OF THE WORKSHEET
"INTEGRATION: USE OF PARTIAL FRACTIONS AND ALGEBRAIC LONG DIVISION",



Sometimes a combination of algebraic long division and partial fractions must be used before integrating
an improper rational function.

Worked Example 4

(a) Express in partial fractions.

.2
A _—
X

3
2
x° =1

dx .

(b)  Hence find j

Solution

and the denominator contains distinct linear factors.

(a) Note that ——=
x*=1 (x=-Dx+1)

X _ A . B
(x=-Dx+1) x-1 x+1
_A(x+1)+ B(x-1)
(= Dx+1)

=  x=Ax+1)+Bx-1)

Put x=-1 = —1=A4(0) + B(-2)
= -2B=-]
= B:l
2
Put x=1 = 1=A4(2) + B(0)
= 24=1
1
= =—
2

11
Hence —>— =2 + 2 Lol= 1 4 !
-1 +1 20x=1) 2(x+1)



3 .
(b)  Note that zx — 1s an improper rational function and algebraic long division must be used before

x° =1
integration.
x
xz—llx3+0x2+0x+0
x* - x
X
x3 - x4+ X
-1 xt-l
1 1
x4l 2 [inserting the partial fractions for zx from (a)]
x=1 x+1 x° -1
1 1
. 2 2
X
Hence sz—ldx:I x+x—2_l——tﬁ by

=lx2 +lln[x—1’+—l—ln]x+1]+‘C
2 2 2

YOU CAN NOW ATTEMPT QUESTION 5 OF THE WORKSHEET
"INTEGRATION: USE OF PARTIAL FRACTIONS AND ALGEBRAIC LONG DIVISION".



Miscellaneous Example 5

| : :
(a) Express —; n partial fractions.
X +x

k
(b)  Hence obtain a formula for /(k)= f ; 1
TxT+x

dx , where k >1, expressing your formula in the form

ln(%), where a and b are functions of k.

Solution

1
3

(a) Note that l =— .
XT+x o x(x®+1)

We must use the discriminant to verify that the quadratic factor x* +1 is irreducible.
For x*+1: a=i,b=0,c=1 =  b*—4ac=0" —4xIxl=-d
b* —4ac<0, hence x> +1 is irreducible.

1 :£+Bx+C
x(x*+D) x xP+1
A D)+ (Bx+ C)x
- x(x? +1)

= I:A(x2+1)+(Bx+C)x

Put x=0 = 1=41)+0

= A=1
Put x=1 = 1=4(2)+(B+C)1)
= 24+ B+C=1
= 2+B+C=1
= B+C=-1 (1)
Put x=2 = I1=A4(5)+ 2B+ C)2)
= SA+4B+2C=1
= 5+4B+2C=1 ,
= 4B+2C=-4 .(2)

Solving equations (1) and (2) simultaneously gives B=—-1 and C=0.

| 1 —1x+0
Hence 7 =—+ —
; X+x o x oxt+1
_1 X

x xP+1



(b)

| I(k)

1
2+ x

o
x x°+1

We know that Jidx = ln}x[ +C.
X

dx

1]
. =~

Il
—e = =

To find J.%dx, use the substitution u = x* +1:
x*+

u=x?+1 = —=2x
= du = 2xdx

= ldu = xdx
5 _

X 1
= d
'[x2+ldx 2t +1 =
_ (L1,
u 2
=—1n|u|+C
——1n]x2+1’+C

[Note that x> +1>0 for all values of x, hence lxz + ll =x’ +1 and the answer can be expressed

simply as %ln(x2 +1)+ C ifrequired.] -

Now I(k)zf(l— a jdx

X x°+1
= l:ln’x| - l1r1!x2 + 1@
2

=[lnk—lln(k2 +1)}—{Inl~—l—ln2}
2 2

k

1

=1nk-—;:1n(k2 +1)+%ln2 [since In1%0]

I i

=Ink-In(k? +1)? +In(2?)

=Ink-Invk®+1+1n+/2
2k
=In| —
ko +1




INTEGRATION BY PARTS

Let u and v be functions of x.

d v - d
Then —(wv)=u A [by the product rule]
dx dx  dx
dv du d
= U—+v—=—(uv)
dx dx dx
dv d du
= U—=—(uv) -v—
dx dx x

This formula can be used to integrate the product of two Tunctions of x and is known as integration by
parts.

In order to use integration by parts, one of the functions must be easy to differentiate and the other
function must be easy to integrate.

Worked Example 1

Use integration by parts to find I X cos2xdx.

Solution

= J.x cos 2xdx

u=x —V:COSZx
dx
= ﬂ=1 v=lsin2x
dx 2

Izuv—jvﬂdx
dx
| - 1.
=—xsin2x — J— sin 2xdx
2 2
1 . 1 1
=—xsm2x——|—-—cos2x |+ C
2 20 2

=lxsin2x+lc052x+ C
2 4



Worked Example 2

Use integration by parts to find J- xsin3xdx .

Solution

[= '[x sin 3xdx

av .

u=x — =s1n3x
dx

d

-ﬁzl v:—lcos3x

dx 3

[ =uv— Jvfi—lidx
dx

:—lxcos3x— J.—lcos?:xaix
3 3
1 1
=——xc083x + _f— cos 3xdx
3 3
1 1 1.
=——xcos3x+—-—sin3x+C
3 33

=—lxcos3x+—1-sin3x+C
3 9

Worked Example 3

Use integration by parts to find _[ xe“dx .

Solution
I= J‘xe“dx
dV 4x
Uu=x —=¢
dx
= d—u=1 v =le4"
dx 4

=lxe4" - P—e“dx
4 4
-—--l*xe‘h —lwl—e“ +C
4 4 4
et Lew o



Worked Example 4
Use integration by parts to find [(2x + 1)e ™ dx |

Solution

I=f(2x+De™dx

u=2x+1 -d—vze'z"
dx
- E1-4--:2 v=—le_2x
dx 2
I=uy—- .fv@alx
dx

= —%(2): +he ™ - [-edx
=*—;—(2x +De ™ + _[e’z"dx

o1
=~l(2x+1)e"2* ——e 4 C
2 2

Worked Example 5

Use integration by parts to find f x’ In xdx .

Solution

1= .[x3 In xdx

We must select In x as the function to be differentiated, as the standard integral for J'ln xdx 1s not known.

dv 3
u=Inx — =
dx
du 1 1,
' _— V=—X
dx x 4
[:uv—'[vfiidx
dx
=—x lnx—J‘—x dx ;
4 4

:lx4 lnx—l-lx4 +C
4 4 4

=lx4 1nx—ix4 +C
4 16



Worked Example 6 _

Use integration by parts to find J—%— In xdx .
x

Solution

I= J‘xL“ In xdx

dv 1 4
u=Inx —_—=—=x
dx x*

du 1 J S 1
prows 3 _— V=— = ——

dx x -3 3x*
1=uv—jv—udx

dx

1 1
=———Inx— |- -—dx

3x° 3x*

1 |
=———Inx+ (—dx

3x° '[?ax4

1 1
=———Inx+ |-xdx

3x° 3
——-—13— x+l-~——x'3+C

3x 3 (- -
:—~1—3lnx~lx'3+C

3x



Worked Example 7

Use integration by parts to find J' x(2x+ 1) *dx.

Solution

I= jx(zx +1)*dx

u=x jd—v=(2x~t~1)4
dx
, du 11 1
= —=1 : v=—=2x+1)’ =—(2x +1)°
dx 2 5( ) 10( )
]=uv—jvﬂdx
dx

1 1
=—x(2x+1)° = —2x+D°d
TRGRE jm( ) dx
=%x(2x+1)5—i‘l-l(2x+1)6+c

] 1
=—x(2x+1)° ——2x+ D +C
7o XD m g x D)

Worked Example 8

Use integration by parts to find j %~ 2x —1dx.

Solution
]=jxv2x—1dx
dv 1
u=x —=N2x-1=2x-1)?
dx
du 1 2 2 2
= —=1 v=—-—(2x-1)2 ==(2x - 1)?2
dx 2 3( ) 3( )
1=uv—Iv—cj—udx
dx
] 2 2
=—x(2x-1)2 - |—-2x-D2dx
332D - [22x-)) ’
1 2112 2
=—x(2x-1D)? ——.—. —2x-D*+C
3 (2x-1) 33 5( )

5

1 bt
-—2x-D*+C
75 ¢ )

3
2

1
=—x(2x-1
3A(X )



Worked Example 9

Use integration by parts to find J- X x.
x+4
Solution
X 1
I= dx=|x- dx
J‘\/x+4 J. Nx+4
u=x ﬂ— ! ~(x+4)‘%
dx +Jx+4
1
= %zl v=2(x+4)? =2Jx+4
X .

I=uv-— J‘v@—a’x
dx

=2xe+4—j2Jx+4dx

1
=2x/x+4 - [2x+4)?dx

3

2 st
:2x\/x+4—2-§(x+4)2 +C

3

:2x\/x+4—§(x+4)5 +C

Worked Example 10

Use integration by parts to find j In xdx .

Solution

I= Ilnxdx= Jl - In xdx
We must select In x as the function to be differentiated, as the standard integral for Jln xdx 1s not known.

u=Inx —=1
di_1
dx x

I=uv-— jv—c—l—u—dx
dx

=xlnx-— 'fldx

=xInx-x+C



Worked Example 11

Use integration by parts to find f sin”' xdx .
Solution

I= jsin" xdx = J‘l-sin" xdx

We must select sin™ x as the function to be differentiated, as the standard integral for J‘sin‘l xdx is not

known.

u=sin"" x i‘izl
dx

du 1

pr —= V=X
dx 1-x?

I=uv- Iv—d—udx

dax
=xsin™ x—J‘ t__dx (")
1-x?

To find J-“zdx, use the substitution w =1 - x?:

vV X

X
1-

u=1-x2 = g‘i=—2xdx
dx

= du = ~2xdx

= —ldu=xdx
2

7

X

VI-x?

=xsin” x - (=1-x*)+C [include the constant of integration now]

=xsin" x+41-x* +C

dx

From line (*): I=xsin"x - J.



Worked Example 12..

Use integration by parts to find J tan ' xdx.

Solution

I= J‘tan'1 xdx = jl -tan™" xdx

We must select tan™' x as the function to be differentiated, as the standard integral for Itan‘l xdx 1s not

known.
u=tan" x ﬂ:1
dx
-C—l—li— 1 y=x
dx 1+x°

I=uv- Jvéy—dx
dx

=xtan"' x - J dx (%

1+ x?

x o
To find Jl———zdx, use the substitution u =1+ x*:
+Xx

ﬂ =2xdx

dx
= du = 2xdx

u=1+x =

= ldu = xdx
2

1 .
=3 In(l+x*) [since 1+ x> >0 for all values of x]

X

From line (*): I=xtan™ x - J. dx

1+ x?

1 . . .
=xtan” x - 5 In(1+x*)+C [include the constant of integration now]

YOU CAN NOW ATTEMPT QUESTIONS 1 TO 8 OF THE WORKSHEET
"INTEGRATION BY PARTS".



Worked Example 13

Use integration by parts twice to find f x? cos 3xdx.

Solution

= fxz cos 3xdx

u=x? £=c053x
dx
= ﬁ=2x v=lsin3x
dx 3

I=uy - J‘vilidx
dx

1, . 2 .
=—x"sin3x - |=xsin3xdx S
3" 3 (*)

2 . . . .
To find .f gx sin 3xdx , use integration by parts again:

dv .
U=—x — =8In3x
dx
du 2 1
= —_—=— V=—-—C0s3x
dx 3 - 3

szsin 3xdx =uv - Jvd—udx
3 dx
= —gxcos3x - J.——z—cos3xdx
9 9
= —gxcos3x + F’—cos3xdx
9 9
2 2 1. : . : :
=75 xcos3x + 53 sin3x  [there is no need to include a constant of integration here]

2
=——xcos3x+isin3x
27

From line (¥): I =}>1~x2 sin 3x — J%xsin 3xdx
Ly sin3x — —gxcos3x+ —2—sin3x +C
3 9 27

=lx2 sin3x+gxcos3x—isin3x+c
3 9 27

YOU CAN NOW ATTEMPT QUESTIONS 9 AND 10 OF THE WORKSHEET
"INTEGRATION BY PARTS".



Worked Example 14

Use integration by parts to evaluate the definite integral {xsin 2xdx.

S Min

Solution

I= Ix sin 2xdx

dv .
U=x —=sIn2x
dx
d
= —u=1 v=—lcos2x
dx 2
I=uv - Jvily—dx
dx

:—lxcos2x— J—lcos2xdx

2 2

1 1
=——XxC0S2x + f—costdx

2 2

1 1 1.
=——xc082x +—-—sin2x+C

2 2

:—%xcos2x+lsin2x+ C

[ I .
J-x sin 2xdx = {— —XxCOs2x + —1—sm Zx}
0 2 4 0
1l = . .
=[——-5‘cos7r+—sm;ri'—[——-O-cosO+—smO}



Worked Example 15

1
Use integration by parts to evaluate the definite integral J. xe ¥ dx, expressing your answer in terms of e.
0

Solution
I= J.xe'z”dx
u=x é}_ — e—2x
dx
du 1 —2x
= —=1 V=——¢g™*
dx
I=uv- J-v—dx
=——1—xe'2" - f— —le'“dx
2 2
1 2x 1 -2x
=——xe "+ f—e dx
2 2
LIS + l[— ie'z") +C
20 2
S Ly C
2 4 .
1 1
1 1
Ixe 2"a’x:li——xe'“ ——e‘z"}
0 4 0

1
=—(1-3¢72
4( )

YOU CAN NOW ATTEMPT QUESTIONS 11 AND 12 OF THE WORKSHEET
"INTEGRATION BY PARTS".



Worked Example 16

Use integration by parts twice to find Je" cos xdx .

Solution

I= ‘[e" co8 xdx

B v
u==e — =C0SX
dx
du .
= —=e y=sIinx
dx

I=uv- fv—(-iﬁdx
dx

=e*sinx - Je" sin xdx .(*)

To find Je‘ sin xdx , use integration by parts again:

. dv .
u=e — =s8inx
dx
du
= — =g V=—C0SX
dx
) du
Je" sin xdx = uv — Jv—-dx
dx

=-e¢* cosx - J.— e” cos xdx
=—e" cosx+ Ie" cos xdx

=—e*cosx+/

From line (*): I=¢"sinx— je" sin xdx
=e”  sinx—(—e* cosx+ )
=e’sinx+e"cosx—1

= 2] =e*(sinx + cos x)

1 .
I=—2—e"(smx+cosx)+C

YOU CAN NOW ATTEMPT QUESTION 13 OF THE WORKSHEET
"INTEGRATION BY PARTS".



Miscellaneous Example 17

1
Define /7, = J.x"e"‘dx for n>1.
0
(@)  Use integration by parts to evaluate J l .
(b)  Showthat /, =nl,_ —e™ for n>2.
(c) Using your answers to parts (a) an (b), evaluate /,.

Solution

0 0
v _,
u=x —=e
dx
= iL—‘—zl y=—e*
dx
I=uy-— J‘vz—;la’x
=[—-xe X]O - if—e “dx
0
=[— le"]—[— Oe°]+ lJ‘e":dx
0
=—e" + [— e""]é,
el ]
=-e' e +1
=1-2¢""
(b) I, = lJ-x"e”xafx
0 " v _
Uu=x — =g
dx
= du =nx"" v=—e™F

_a§~
I=uv—- fvézdx
dx

1
. A
=[~x”e "]O—J‘—nx" e " dx
0

= [- 1"e_1]—[—0"e°]+ nl.[x""]e"‘dx
0
=—e"' +nl,, [sincel”=1and 0" =0]

-1
Hence I, =nl, , —e forn>2.



(©)

=1-2¢"and I, =nl,_ —e" for n>2.

The recurrence relation I, =nl,_, —e”' for n>2, along with the starting value I, =1-2¢”, can

n-1

be used to generate the values of /,, /,, ...
Substituting n =2 in the recurrence relation gives

1,=21-¢"
=2(1-2e")~e”
=2—4e” ~¢
=2-5¢"

Substituting » =3 in the recurrence relation gives

I,=31,-¢"
=3(2-5¢")~e™
=6-15¢" —¢™
=6-16e™

[In the context of using a recurrence relation to generate values of definite integrals, the
recurrence relation is often known as a reduction formula.]





