ADVANCED HIGHER MATHEMATICS UNIT 2 OUTCOME 1

FURTHER DIFFERENTIATION

DIFFERENTIATION OF INVERSE TRIGONOMETRIC FUNCTIONS

sin”' x is the inverse function of sin x .

/A - 1} Vs
For example, we know that sin—=—, so sin =i==.
6 2 2) 6
Similarly for cos™ x, tan™ x, etc.
The derivative of sin”™ x can be found as follows.
Let y=sin"' x, where —1<x<1.
y=sin"x = sin y = sin(sin~' x)
=  siny=x [since sin(sin™ x) = x]
= x=siny

Differentiate both sides of this equation with respect to y:

ax _ cos
dy 4
d 1 1
Now P = .
dx dx cosy
dy
. . . dy :
We must now express cos y in terms of x, since we require — to be a function of x.
X
cos’ y=1-sin’ y
= cos’ y=1-x’ [since x =sin y ]
= cosy=+1-x’
Hence d_y = Fl_ .
dx \1-x?

. T
[Note that y =sin~' x, where —~1<x<1, so ~-—2—<y<z and hence cos y > 0.]

A similar method can be used to find the derivatives of cos™ x, tan™ x, etc.



SUMMARY OF DERIVATIVES

Jx)

sin” x

CoOS X

-1
tan  x

Example 1
y =sin"'(3x)

This must be differentiated using the chain rule.

y_ 14
dx  \1-(3x)?
3 3
V1-9x*
Example 2
y=tan" (x?)

This must be differentiated using the chain rule.

y__ 1
dx 1+(x*)?
2

1+ x?

2x




Example 3
y=cos™ (1-2x)

This must be differentiated using the chain rule.

@:____1.__.(_2)
dx 1-(1-2x)°
~ 2
J1-(1-2x)°
2

1/1—(1—4x+4x2)
2

Véax —4x’

2
J4(x—x%)

2
_ [si 4(x - 2):\/2\/;‘—x2:2\/x—x2]
o since /4{(x —x

Example 4
1
y=tan" (V4x-1), x> 1

This must be differentiated using the chain rule.

a1 4

- 2
dx 1+ (V4x-1) dx

1
L Ay
1+(4x-1) dx

i

1 1 -
=—(4x-1) * -4
4x 2( )

1

1 —
=—(4x-1) 2
S (1)
!

B 2xvJ4x -1



Example 5

~— S

f(x)=sin" (—3—

This must be differentiated using the chain rule.

1 d
e A1)
L) dx3
1-1Z
g
1 . X d (1 1
= -—  [since —| —|=—| —x |=—]
| x? x\3) dx\3 3
9
2 2 2
=———1—l [sincel—z-:g—x :9 i ]
9g_x2 3 9 9 9 9
9
L e \/9—x2 _V9-xP _o-i
9-x> 3 9 \/5 3
3
I _ [since Vg;x~x3=\/9—x2]
9-x
Example 6

y=x"sin" x

This must be differentiated using the product rule.

u=x y=sin_ x
du dv 1
= —=2x — =
dx dx 1—x?
& _ . du
dx dx dx
=y’ ! +2xsin " x
1-x°
r2
= +2xsin” x

V1-x?



Example 7
y=+1-x%cos” x

This must be differentiated using the product rule.

1
u=~l-x* =(1-x°)? v=cos™ x
1
- d 1
o WLy &
dx 2 dx 1 - x2
. x
Vi-x°
dx dx dx
=1-x" |- : ]— Y cosx
1-x? 1-x°
:_1_xcos“x
1—x’

YOU CAN NOW ATTEMPT THE WORKSHEET
“DIFFERENTIATION OF INVERSE TRIGONOMETRIC FUNCTIONS”.



IMPLICIT DIFFERENTIATION

Consider the equation x” + y* =1.

y can be found explicitly in terms of x as follows:

x2+y2=1 = yi=1-x

This equation defines y explicitly as a function of x.
The equation x” + y* =1 defines y implicitly in terms of x.

When y is defined implicitly in terms of x, it is possible to find an expression for —c—i—)i without first
X
expressing y explicitly in terms of x. This is useful, since it is often very difficult or impossible to express

y explicitly in terms of x.
In general, let y be a function of x.

The derivative of y* with respect to x is found using the chain rule as follows:

d , dy
Z(vHYy=2y. 22
dx(y) Y

Similarly, using the chain rule:

d  ; ) ay
el =3,2. 2
- (y)=3y i

—sin y = Cos§ d_y
g TR

x

d e’ =¢” Q
dx dx
4y 1
dx y dx

Note that xy is actually the product of two functions of x (since y is a function of x) and the derivative of
xy with respect to x is found using the product rule as follows:

[Note that the differentiation is performed with respect to x and that the derivative of x with respect to x
is 1.]



Similarly, using the product rule:

d 3 d 2 2
JR— TY=X+«— - + 1
dx(xy ) dx(y )ty
dy
=x-2y - ——+y°
y I y
dy

=2xy—+y°
Y i Y

[Note that 5— () is found using the chain rule as before. ]
X

Also using the product rule:

2 , d
2 (x*cosy)=x"-—cosy+cosy-2x
dx( ») —Cosy Y

d
=x’ -(—siny)-—}—/+2xcosy
dx

2 . dy
=2xCcOsSy—Xx SIny——

[Note that di cos y is found using the chain rule as before. ]
X

Using the product rule again:

—d—(xey)=x~—d—ey +e”-1
dx dx
=x-e’ -ii}—}%ﬂev
dx
=xey-d—y—+ey
dx

And using the product rule once more:

d ,. :
—(sinxiny) =smx-ilny+1ny-cosx
dx , dx

. 1 4
:smx-—-—y+lnycosx
y dx
inx d
zsmx—y+cosxlny
y dx




Worked Example 1

The equation x” + y* =4 defines y implicitly in terms of x.

. . dy .
Find an expression for EX in terms of x and y.
X

Solution
x'+y’=4
Differentiate both sides of this equation with respect to x:

dy

2x+2y-—=0 [+2]
dx
dy
= x+y—=0
ydx
dy
= =X
ydx
. Y x
de y

Worked Example 2
The equation In y = x+ » defines y implicitly in terms of x.

. . dy .
Find an expression for ZZX in terms of x and y.
X

Solution
Iny=x+y

Differentiate both sides of this equation with respect to x:

d d

l._y:1+l [x y to clear the fraction]
y dx dx
dy dy

=> =yt y—
& 07
d

. Y&
dx dx
dy

= —(I-y=
dx( y)=y
dy



Worked Example 3

The equation x* + xy =2 defines y implicitly in terms of x.

: . dy .
Find an expression for a’—y in terms of x and y.
X

Solution
xP+xy=2

Differentiate both sides of this equation with respect to x:

2x+x-—§i+y~1:0

x
dy
= X——=-2Xx—
dx 4
dv =2x-—vy
— _y:_.__x_..l
dx X

Worked Example 4

The equation y* — xy = x defines y implicitly in terms of x.

. : dy .
Find an expression for ZZX in terms of x and y.
X

Solution
yr-xy=x
Differentiate both sides of this equation with respect to x:

dy dy

2y~ —x. ——+y-(-1)=1
Y I It y-(-1
d
dx dx
d
= 202 & y—1+y
dx X




Worked Example 5

The equation x*y* = x* +y* defines y implicitly in terms of x.

: dy .
Find an expression for —ji in terms of x and y.
X

Solution
x2y2 :x4+y4

Differentiate both sides of this equation with respect to x:

x? ~—Ei—(y2)+y2 2x=4x> +4y° &
dx dx
= x2-2y-£ZX+2xy2:4x3+4y3d—y
dx dx
, d
= 2x'y—y+2xy2:4x3+4y3ﬂ [+2]
dx dx
= )cz)/EZX+)cy2 =2x’ +2y3d—y
dx dx
d dy
L A, L A P
dx

= Peyap)-2d-w)
dx

ay 2x° —xy’ 3 x(2x* = y?)

de x’y-2y° y(x*-2y)

YOU CAN NOW ATTEMPT QUESTIONS 1 AND 2 OF THE WORKSHEET
"IMPLICIT DIFFERENTIATION".



EQUATIONS OF TANGENTS

Worked Example 1

A curve is defined by the implicit equation xP+yt +2x—4y=15.
Find the equation of the tangent at the point (3, 4) on the curve.

Solution
xP+yl+2x-4y=15

Differentiate both sides of this equation with respect to x:

d dy
w+2y- P-4 o0 [+2]
dx dx
= x+yiy—+1— ay =0
dx dx
d
= —y~ i =-x-1
dx dx

= ~—(y-2)=-x-1
ﬁ(y )

iy__—x—l
de  y-2

. dy -x-1 =-3-1 -4
Atthe point 3,4): —= = —— =2 = aneent = —2
point (.41 =TT T a2 2 hangent

Equation of tangent at (3, 4): y—-b=m(x-a)
= y—4=-2(x-3)
= y—-4=-2x+6
= y=-2x+10



Worked Example 2

A curve is defined by the implicit equation 2x” —3xy — y? =1.
Find the equation of the tangent at the point (2, 1) on the curve.

Solution
2x7 =3xy -y =1

Differentiate both sides of this equation with respect to x:

ay dy
dx-3x —+y-(-3)-2v-==0
o y-(=3)-2y -
dy dy
= 4x-3x—=-3y-2y—=0
dx ‘ ydx
dy dy
= —3x— ~ 2y =3y —4x
i e
O VR S
dx
d _
- Y -k
dx —3x-2y

dy 3y-—4x 3x1-4x2 -5 5

Atthepoint(2,1): —= = =——= = Miangent = —
pomt (2. D= 7 “3x-2y -3x2-2xl1 -8 8 et g
Equation of tangent at (2, 1): y—b=m(x—a)
= y-lzg(x—Q)
= 8y-1)=5(x-2)
= 8y -8=5x-10
= 8y=5x-2

YOU CAN NOW ATTEMPT QUESTIONS 3 TO 14 OF THE WORKSHEET
"IMPLICIT DIFFERENTIATION".



SECOND DERIVATIVES

Worked Example 1

The function y = f(x) is defined implicitly by the equation x” +2xy =1.

. . d d’y .
Find expressions for 2 and —%—} in terms of x and y.
dx dx”
Solution
x* 4+ 2xy=1

Differentiate both sides of this equation with respect to x:
d
2x+20- i y2=0 [+2]
X

= x+x£dl+y:0 (M
dx

dy
= X——=—X—
dax 7
& - x-
- a _~—xX7)
dx X

Note line (*): x+ xj—y +y=0
x

To find the second derivative, differentiate line (*) with respect to x (note that the term xd—y is the
dx

product of two functions of x and must be differentiated using the product rule):

2
1+ d3}+dy 1+iiy—:0'
dx®  dx dx
= 1+xd~;/+2ﬂ:0
dx dx

d’ - X~
= 1+x g} + 2( al yj =0 [xx to clear the fraction]
dx X

2

d
= x+x] d;v+2(—x—y)=o

X
2d:y
= X+x — —2x-2y=0
p
= 24 2y=0
—x—2y=
dx*? Y
dZ
= X 3} = x + 2y
dx -
d? +2
N y_Xxv4)




. L . . .. dy —x-
[Alternatively, the second derivative can be found by differentiating the first derivative dy -7
: x X

with respect to x using the quotient rule as follows:

d d
'y i x-;i;(—x—y)—(—x—y)-a(ﬂ

dx? x*
x~(—l—§%)—(ex—y)d
= =
—x—xé’z+x+y
_ dx
e

~(x-p)+y

_xt+yty
x2
X+ 2y

X

Generally the previous method is algebraically easier.]



Worked Example 2

The function y = f(x) is defined implicitly by the equation yi-x’=4.

. d d*y .
Find expressions for 2 and __7y in terms of x and y.
dx dx”

Solution
y2_x2 — 4

Differentiate both sides of this equation with respect to x:

dx
= 2 a0 L
dx
dy
- _— =
ydx !
dy x
: — T ——
dx y
Note line (*): yd—y—x:O
dx

To find the second derivative, differentiate line (*) with respect to x (note that the term y—j}l 1s the
X

product of two functions of x and must be differentiated using the product rule):

dy+£)i-dy—1:0'
dx*  dx dx
d2
dx yy
d'y x° 3 .
e y-dx2 +—-1=0 [xy~ to clear the fraction]
d’y
= ’ +x’ =7 =0
Y 7 y
dy .,
- YTy
- d“y:y - X




. : . .. ody ox . . :
[Alternatively, differentiate the first derivative j:— with respect to x using the quotient rule as
Xy

follows:

-]—Y.Q
dLy:y T dx

dx2 yZ

x

YXy—=Xy
= ———7——y—— [this step can be omitted with practice]
yoxy

YOU CAN NOW ATTEMPT QUESTIONS 15 TO 20 OF THE WORKSHEET
"IMPLICIT DIFFERENTIATION".



LOGARITHMIC DIFFERENTIATION

Recall the laws of logarithms below:

(D) In(ab)=Ina +1Inb
) h{%) ~lng-1Inb

(3) In(a")=nlna

When a function involves the product or quotient of powers or roots, logarithmic differentiation can be
used to find the derivative of the function.

Logarithmic differentiation involves taking the natural logarithm of the function before differentiating.
After taking the natural logarithm, the function should be simplified before differentiating.

Worked Example 1

e L d
Given y =107, use logarithmic differentiation to find d—y .
x

Solution

y=10% = In y=1In(10")
— Iny=xInl0

Now differentiate both sides of this equation with respect to x (note that y is a function of x and therefore
d : :

-d—lny = L using the chain rule):

dx y dx

-d—:lnlO

L

y dx
dy :

= —d—=ylnlO:1n10><IO’

X



Worked Example 2

Y - d
Given y =2°", use logarithmic differentiation to find d—y .
. X
Solution
y=2% = Iny=1mn(2*)

= Iny=3xIn2

Now differentiate both sides of this equation with respect to x:

L & =3In2
y dx
d
= —X:y><31n2:31n2x23x
dx
Worked Example 3
_ P(x+D)" e - d
Given y = » (D , use logarithmic differentiation to find Y

vax+1 dx

Solution

(Dt X (x+D)!

NVax+1 1

(4x+1)2
l
= Iny=In(x*)+In(x+1)* - In(4x +1)?

= lny=21nx+41n(x+1)—%ln(4x+1)

Now differentiate both sides of this equation with respect to x:

oy b, L1

y dx X (x+1) 2 (4x+1)
2 4 2

==+

x x+1 4x+1

dy 2 4 2
= =yl —+ -
x x+1 4x+1

CxTx+Dt(2 4 2
N (;+x+1-4x+lj
C2xX(x+D (1 2 1
T (‘* )

x x+1 4x+1



Worked Example 4

2
X

xe’ C . dy
Given y = , use logarithmic differentiation to find —.
\sin x dx
Solution
ye xe* 3 xe*
Vsin x . %
(sin x)?
1
= Iny=Inx+In(e” ) - In(sinx)?
1 . . 2
= Iny=Ilnx+x’ —Eln(smx) [since In(e* )=x"]

Now differentiate both sides of the equation with respect to x:

1 d
_._y:l+2x—l-_ - COS X
y dr x 2 smnx
1
:—+2x——l—cotx
X 2

d'
—y:y[l+2x—lcotxj
dx X 2

xe* [1 1 J
= —+2x——cotx
2

Nsinx \ X

Worked Example 5

Given y = x”, use logarithmic differentiation to find gz- .
X

Seolution

y=x — Iny=In(x")

= Iny=xlnx

Now differentiate both sides with respect to x (note that xInx is the product of two functions of x and
must be differentiated using the product rule):

1 d
—-—)—/:x'l+lnx‘l
y dx X

=l+Inx
d

= —X:y(l+lnx)
dx

=x"(1+1Inx)

YOU CAN NOW ATTEMPT THE WORKSHEET "LOGARITHMIC DIFFERENTIATION".



PARAMETRIC DIFFERENTIATION

Consider a point moving in the x, y-plane.

Let (x, v) be the coordinates of the point at time ¢. Then both x and y are functions of ¢.
Suppose, for example, that x =¢* and y =2¢.

When t=3: x=3"=9and y=2x3=6

Hence the coordinates of the point at time ¢ =3 are (9, 6).

The equations for x and y in terms of ¢ are known as parametric equations. ¢ is known as the parameter.

. dy . .
An expression for a’—y in terms of ¢ can be found using the formula below:

x
dy
& _ar
dx dx
dt
x=t" = @=2t and y=2 = d_y_
dt dt

@
Then é}i:ﬂzizl_
de dx 2t t

dt



Worked Example 1

A curve is defined by the parametric equations

1 , 1
x=t'+—, y=t'-— (t#0)

7 o

14 ¢

. : dy .
Find an expression for EX in terms of ¢.
X

Give your answer in its simplest form.

Solution
x=t2+i:t2+2_z = £:2t—21'3=2f—2‘—
2 3
t° dt t
1 - dy 3 2
===ttt > ==+ U7 =2+
y /2 dt r
dy 2
= 22+
dy_ar
de dxoo 2
dt t

2
2xtd+=xt?
JE

[this step can be omitted with practice]

2
21‘><t3——3><l3
!

C2ut 42
)

GED
21t -




Worked Example 2

A curve is defined by the parametric equations

x=0-sind, y=l-cosd (0<6<2x).

. : dy .
Find an expression for EX in terms of 4.
X

Solution

x=0F-sinf = —dizl—cosﬁ
dé

dy ) )
=1l-cos¥d = — =—(—sin#)=siné
y Y ( )

dy
dy_zé_ sin 4
dx—g'_{_l—cosﬂ
dé

Worked Example 3

A curve is defined by the parametric equations

t 1+1¢
X=—), =—— (t#=xl).
1+1¢ ‘ [-¢ ( )

. : dy .
Find an expression for Z)i in terms of ¢.
X

Give your answer in its simplest form.

Solution
t de (1+8)-1—-¢t-1 1+t—t 1
X=— — _— = 5 = 7:
1+¢ dt (1+1)? 1+6)° (1+0°
y_1+t N dy _(A-0-1-(+0) (=) I-z+1+r 2
1-¢ dt (1-1)? 1-0n° (1-0°
dy 2

dy @ (=07 2 .(1+t)2_2(1+rj2
dx  dx 1 -0 1 -1
dt  (1+1)°

YOU CAN NOW ATTEMPT THE WORKSHEET "PARAMETRIC DIFFERENTIATION 1".



EQUATIONS OF TANGENTS

Worked Example 1

A curve is defined by the parametric equations
2 2
x=t"+1, y=t(t"+1
for all ¢. Find the equation of the tangent to the curve at the point with parameter ¢ = 2.

Solution

x=t+1 = — =2

5 d
y:t(t‘+1)=t3+z = l:3;2+1

dt
@
»Q__d_t__3fz+1
dx dx 2
dt

When t=2: x=t'+1=2"+1=5

y=tt* +1)=202% +1)=2(5)=10

dy 3t°+1 3x2°+1 13 13
- = = = = Miangent = —
dx 2t 2x2 4

Equation of tangent: y—b=m(x—-a)

13 <
y—lO:Z(x—J)
4(y -10)=13(x-5)
4y -40=13x-65
4y =13x-25

yud



Worked Example 2

A curve is defined by the parametric equations
x=t2+t-1, y=2'-t+2

for all 7. Show that the point A(—1, 5) lies on the curve and find the equation of the tangent to the curve at
the point 4.

Solution

At the point A(~1,5), x=~1and y=5.

When x=—1: 2 +t-1=-1= t2+1=0
= t(t+1)=0
= t=0ort=-1

When y=5: 27 —1+2=5= 2t —1-3=0
= (2t-3)(t+1)=0

3
= t=—ort=-1
2

{ =—1 is a common value of the parameter.
t=-1gives x=—1and y =5, so the point A(~1, 5) lies on the curve.

x=t"+1—1 = ﬁ:2t+1
dt
d
y=2"—t+2 = AV
dt
&
dy_dr_H-1
dx dx 2t+1
dt
dy 4x(-1)-1 =5
When t=-1: __y:__XL__)__:___i___S = n’ltangent:5
dx 2x(-)+l —1
Equation of tangent at A(—1, 5): y—-b=m(x—-a)
= y=5=5(x+1)
= y=5=5x+5
= y=5x+10

YOU CAN NOW ATTEMPT QUESTIONS 1 TO 8 OF THE WORKSHEET
"PARAMETRIC DIFFERENTIATION 2".



SECOND DERIVATIVES

Consider the curve defined By the parametric equations

5 dx
x=t" = — =2t
dt
dy
=2 = =2
4 it
@
& _d_2_1
dx dx 2t ¢
dt

2

Suppose we wish to find the second derivative

2
Now ) :j_[dy =—(—i— ! .
dx*  dx\dx) dx\t
We can only differentiate ! with respect to z.
!

Note that i(l] = %(Ij : at by the chain rule.

5 -

dx

dx \ t ; E

2
Hence d f:i(ljﬂ

de”  di\t) dx

IR J 1 ”
i[iki(f”h—r‘%—l and Lo
de\t) dt t de dx 2
dt

d’ 1 1
So i’:_ - b

dx 12t 2t°



In general, let x and y be defined in terms of a parameter , so that x = x(¢) and y = y(¢).

@
Then é}i = dr as before.
dx dx
dt
2
Now d y:_d_EEZX
dx?  dx\dx
B8 g # L
dt\ dx ) dx dx dx

This gives the general formula below:

dzy_i(d_yj.ﬁ
de®  dt\dx) dx

Worked Example

A curve is defined by the parametric equations

2t 1412
X = s = tiil .
1-1¢° R ( )
2 VE A
Showthatd—yz 2Z2 andd S - .
dx 1+¢ dx? 1+1¢2
Solution
5 .
_ LD = =
. 217 L A _(-r)2 72t (~21)
1-12 dt (1-1%)?
2217 + 4
(1-%)
_2+2f°
(1-17)?

_201+1)
(1-27)



11 dy (1-1%)-2—-(+1") (-2
SR dr (1-1%)?
=20+ 2+ 20
G
&
GBS
dy M
dy g (=7 & (-) %
v de 2(1+1?) (I-13)F 21+1Y) 1+
dt (1_t2)2
d’y d(dy
dxz—E[&Ej

_i(dljﬁ
dr\dx ) dx

42
dt \ dx

dt

d( 2t j_(1+12)~2—2t-21

(1+1%)
2427 -4
S
_2-0r?
RS
_2(1-1%)
BESE

1+12°

a1 _ (=)
dc dx 2(1+1%)

dt

d’y _201-1*) (A-r’)

Hence

dx?

(1+13)° 2(1+1t%)

_ (1-17)
(1+1%)°

[

_\1+t2)

YOU CAN NOW ATTEMPT QUESTIONS 9 TO 11 OF THE WORKSHEET
"PARAMETRIC DIFFERENTIATION 2",



STATIONARY POINTS

Recall that the value of the second derivative can be used to determine the nature of a stationary point on
a curve.

At a stationary point:

d’ . L - . .
1 rf s 0, the stationary point is a minimum turning point.
7 p

dx
d’y
2 If <0, the stationary point is a maximum turning point.
dx’
d'y
3 It - =0, the second derivative gives no information about the nature of the stationary point.
2

The nature of the stationary point must be determined by another method.

Worked Example

A curve is defined by the parametric equations
x=t, y=t -3

for all £. Find the coordinates and nature of the stationary points on the curve.

Solution
dx
x=1 = —=1
dt
d
y=r-3t = oA VER
dt
@
d_de 3755 g
dx dx 1
dt
. . dy ,
At a stationary point, Zx—:O = 3" -3=0
= 37 =3
= t*=1
= t=%1



d’y d gy_}
dx’ —E;(a’x
_d(dy) di
25 %

d (f"’l):i@zz ~3) =61

de dt

a 1 _1_

de dx 1
dt

2
Hence <2 =61-1=6t.
dx

(H When t=1: x=t=]
y:t3—3t:13 -3xl=-2
a’zy

dx? -

6t=6x1=6>0

Hence (1, -2) is a mmimum turning point.

(2) When t=-1: x=t=-1
y=1r -3t=(-1) =3x(~1)=2
d’y

5 =

6t=6x(-1)=-6<0

dx

Hence (-1, 2) is a maximum turning point.





